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Abstract 

Oh ' We study the boundary value problem with Radon measures for nonnegative solutions 

■^T of Lyu := —Aw + Vu = in a bounded smooth domain J7, when V is a locally bounded 

nonnegative function. Introducing some specific capacity, we give sufficient conditions on a 
Radon measure fj, on dfl so that the problem can be solved. We study the reduced measure 
associated to this equation as well as the boundary trace of positive solutions. In the appendix 
A. Ancona solves a question raised by M. Marcus and L. Veron concerning the vanishing set 
of the Poisson kernel of Lv for an important class of potentials V. 
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1 Introduction 

Let be a smooth bounded domain of M. N and V a locally bounded real valued measurable 
function denned in Q. The first question we adress is the solvability of the following non- 
homogeneous Dirichlet problem with a Radon measure for boundary data, 

-Au + Vu = in tt . . 

u = [i in <9Q. 

Let <f> be the first (and positive) eigenfunction of —A in W ' (O). By a solution we mean a 
function u G L 1 (0), such that U-u G ZA, which satisfies 

I (-uAC + Vu()dx = - I ^-du. (1.2) 

for any function £ G Cq (0) such that A£ G L°°(0). When V is a bounded nonnegative function, 

it is straightforward that there exist a unique solution. However, it is less obvious to find general 

conditions which allow the solvability for any /i G 571(90), the set of Radon measures on d£l. In 

order to avoid difficulties due to Fredholm type obstructions, we shall most often assume that 

V is nonnegative, in which case there exists at most one solution. 

Let us denote by K n the Poisson kernel in Q and by K[//] the Poisson potential of a measure, 

that is 

K\fi](x) := I K n {x,y)dfx(y) Vx G ft. (1.3) 

Jan 

We first observe that, when V > and the measure /i satisfies 

K[\fi\}(x)V(x)(/)(x)dx <oo, (1.4) 

n 

then problem (jl.l p admits a solution. A Radon measure which satisfies ([1.4 p is called an 

admissible measure and a measure for which a solution exists is called a good measure. 

We first consider the subcritical case which means that the boundary value is solvable for 

any /x G 9Jt(90). As a first result, we prove that any measure \i is admissible if V is nonnegative 

and satisfies 

™p-M,,,,)V W ,K»)*<oo, (1.5) 

where <ft is the first positive eigenfuntion of —A in W ' (Q). Using estimates on the Poisson 
kernel, this condition is fulfilled if there exists M > such that for any y G d£l, 

D ^ ( r \ dr 

/ V(x)cf>\x)dx Uj < M (1.6) 

o \JnnB r (y) J r n+L 

where .D(Q) = diam(Q). We give also sufficient conditions which ensures that the boundary 
value problem ([1.1 [) is stable from the weak*-topology of 3Jt(SO) to L x (0) n Ly <(0). One of 
the sufficient conditions is that V > satisfies 

\ <Y r 

\/(z)</> 2 (*)^ Hv+T = > ( L7 ) 




uniformly with respect to y G 90. 

In the supercritical case problem ([1.1 p cannot be solved for any /j, G 071(90). In order to 
characterize positive good measures, we introduce a framework of nonlinear analysis which have 
been used by Dynkin and Kuznetsov (see [16] and references therein) and Marcus and Veron 

in their study of the boundary value problems with measures 

-Au + \u\ q ' 1 u = in O . . 

u = (J, in oil, 

where q > 1. In these works, positive good measures on 90 are completely characterized by the 
C2/ ?i9 '-Bessel in dimension N-l and the following property: 

A measure \i G 9Jt+(90) is good for problem §1.8 P if and only if it does charge Borel sets 
with zero C 2 / M / -capacity, i.e 

C 2/qq ,{E) = Q^n{E) = Q VE C 90, E Borel. (1.9) 

Moreover, any positive good measure is the limit of an increasing sequence {fJ. n } of admissible 
measures which, in this case, are the positive measures belonging to the Besov space S 2 / ?9 /(9n). 
They also characaterize removable sets in terms of C2/00' -capacity. 

In our present work, and always with V > 0, we use a capacity associated to the Poisson 
kernel K n and which belongs to a class studied by Fuglede [18] [191 . It is defined by 



C V (E) = sup{ M ( J E) : 11 G Wl + (dQ),Li(E c ) = 0, ||VTK[/x]|| L i < 1}, (1.10) 



for any Borel set E C 90. Furtheremore Cy(E) is equal to the value of its dual expression 
C V (E) defined by 

C£(£)=inf{||/|| LOO :K[/]>l onB}, (1.11) 

where 

K[f](y)= [ K n (x,y)f(x)V(x)<P(x)dx Vy G 90. (1.12) 

If E 1 is a compact subset of 90, this capacity is explicitely given by 

C V (E) = C V (E) = max f f K u (x, y)V(x)<j>(x)dx] . (1.13) 

We denote by Zy the largest set with zero Cy capacity, i.e. 

Z v = I y G 90 : / K n (x, y)V(x)0(x)dx = 00 1 , (1.14) 

and we prove the following. 

1- If {/U n } is an increasing sequence of positive good measures which converges to a measure [i 
in the weak* topology, then n is a good measure. 

2- If fj, G 93T+(90) satisfies \x{Zy) = 0, then \x is a good measure. 



3- A good measure /i vanishes on Zy if and only if there exists an increasing sequence of positive 
admissible measures which converges to li in the weak* topology. 

In section 4 we study relaxation phenomenon in replacing ((1.1 p by the truncated problem 

-Au + VkU = in ft , , 

u = [i in dfl. 

where {V^} is an increasing sequence of positive bounded functions which converges to V locally 
uniformly in ft. We adapt to the linear problem some of the principles of the reduced measure. 
This notion is introduced by Brezis, Marcus and Ponce |10j in the study of the nonlinear Poisson 
equation 

-Au + g(u)=n in (1.16) 

and extended to the Dirichlet problem 

-Au + g(u) = in ft (IYJ) 

u = fj, in <9ft, 

by Brezis and Ponce [11| . In our construction, problem (11.15 p admits a unique solution Uk- 

The sequence {uk} decreases and converges to some u which satisfies a relaxed boundary value 

problem 

-Au + Vu = in ft M 1cA 

(LAX) 



u = jx* in dfl. 

The measure n* is called the reduced measure associated to jjl and V. Note that [i* is the largest 
measure for which the problem 

-Au + Vu = inO , . 

u = v < \x in dVt. 

admits a solution. This truncation process allows to construct the Poisson kernel Ky associated 
to the operator — A + V as being the limit of the decreasing limit of the sequence of kernel 
functions {Ky } asociated to —A + Vk- The solution u = u^* of (11.18 \ is expressed by 

u (t .(x)= [ K$(x,v)dfi(v) = [ K$(x,y)dii*(y) VxGfi. (1.20) 

Jan Jan 



We define the vanishing set of Ky by 



Sing v (n) = {yedn: KV(xo,y) = 0}, (1.21) 

for some Xq E CI, and thus for any x € £1 by Harnack inequality. We prove 

1- Sing v (Q) C Zy . 

A challenging open problem is to give conditions on V which imply Sing (£1) = Zy. 

The last section is devoted to the construction of the boundary trace of positive solutions of 

-Au + Vu = in ft, (1.22) 




assuming V > 0. Using results of [2B], we defined the regular set lZ(u) of the boundary trace 
of u. This set is a relatively open subset of d£l and the regular part of the boundary trace is 
represented by a positive Radon measure fj, u on lZ(u). In order to study the singular set of the 
boundary trace S(u) := dfl \ 1Z(u), we adapt the sweeping method introduced by Marcus and 
Veron in |29j for equation 

-Au + g(u) = in £1 (1.23) 

If /z is a good positive measure concentrated on S(u), and u^ is the unique solution of (11.1 | with 
boundary data /z, we set v^ = min{u, u^}. Then v^ is a positive super solution which admits a 
positive trace 7 M (ju) € 3Jl+(9f)). The extended boundary trace Tr e {u) of u is defined by 

i/(«)(S) := Tr e {u){E) = sup{j u (n)(E) : /i good,£ C 90, £ Borel}. (1.24) 

Then Tr e (u) is a Borel measure onVt. If we assume moreover that 

• ,,,., i , . V(x)4> (x)dx Af = uniformly with respect to y G dQ,, (1-25) 

e-M)7n \.lnnB r (y) J ^ V+i 

then Tr e (u) is a bounded measure and therefore a Radon measure. Finally, if N = 2 and (\1.25 p 
holds, or if N > 3 and i/iere holds 

dr 
V(x)(<p[x) -e)%dx | - 

'0 \JUnB r (y) 

uniformly with respect to e G (0, eo] and y s.t. 5q(x) := dist (x, <9il) = e, then u = u v r u )- 
If V(x) < v(4>(x) for some i> which satisfies 

v(£)£dt < oo, (1.27) 

o 

then Marcus and Veron proved in [28] that u = u Uu . Actually, when V has such a geometric 
form, the assumptions (|1.25 p - (|1.26 p and (|1.27 p are equivalent. 

The Appendix, written by A. Ancona, answers a question raised by M. Marcus and L. Veron 
in 2005 about the vanishing set of Ky when V is nonnegative and 5^V is uniformly bounded. 
Such potentials play a very important role in the description of the fine trace of semilinear elliptic 
equations as in (jl.8 p : actually, for such equations, V = u 9_1 satisfies this upper estimate as a 
consequence of Keller-Osserman estimate. The following result is proved 

Let y G dQ and C £jJ/ := {x G SI : Sq(x) > e\x — y\} for < e < 1. If 

V(x)dx 

K \_ 2 = oo, (1.28) 




lim / / V(x)(<t>(x) - eY + dx \ - fm = 0, (1.26) 



for some e > 0, then y G Sing (£1). 



2 The subcritical case 

In the sequel Q, is a bounded smooth domain in WL N and V G Lf£ . We denote by (j> the first 
eigenfunction of —A in W ' (Q), <fr > with the corresponding eigenvalue A, by Wl(dQ) the 
space of bounded Radon measures on dfl, and by 9H+(<9r2) its positive cone. For any positive 
Radon measure on d£l, we shall denote by the same symbol the corresponding outer regular 
bounded Borel measure. Conversely, for any outer regular bounded Borel /x, we denote by the 
same expression /i the Radon measure defined on C(d£l) by 



C h- /"(C) = / Cd/*- 
Jan 

If \x E DJt(Sfi), we are concerned with the following problem 

-Au + Vu = in Q 



u = (j, m oil. 

Definition 2.1 Lei /i G 971(917). H^e say i/iat u is a u>eaA; solution of \2.1 p . if u € L 1 (Q) ; 
Fu G Li(fi) and, /or any ( G C^fT) mtfi A( G L°°(0), i/iere ZioZcfe 

f (-uA( + F<) dx = - f ^-du. (2.2) 

./n Jen ^n 

In the sequel we put 

T(fi) := {C G ^(H) such that AC G L°°(0)}. 
We recall the following estimates obtained by Brezis [9j 
Proposition 2.2 Let n G L l (d£l) and u be a weak solution of problem \2.1 \ . Then there holds 

II«IIl1(«) + W v + U hl(n) < \\ v - u \\ L \{n) + c IHIri(*i) ( 2 - 3 ) 

f {-\u\A( + V\u\()dx<- [ ?£-\ti\dS (2.4) 

Jn J an on 

[ (-n+AC + Vu+C) dx < - [ |^/x+d5, (2.5) 

Jn Jon 9n 

for all C G T(fi), C > 0. 

We denote by K Q (x,y) the Poisson kernel in Q and by K[/i] the Poisson potential of ^ G 
!m(an) defined by 

K^t](ar)= / K Q (x,y)dfi(y) Vx G O. (2.6) 

Jan 

Definition 2.3 ^4 measure [i on dO, is admissible if 

K[|/z|](a:)|V(aO|0(x)dx<oo. (2-7) 



and 



It is good if problem \2.1 |) admits a weak solution. 



We notice that, if there exists at least one admissible positive measure /j,, then 

V(x)4> (x)dx < oo. 



Theorem 2.4 Assume V > 0, then problem \2.1 p admits at most one solution. Furthermore, 
if (j, is admissible, then there exists a unique solution that we denote u„. 

Proof. Uniqueness follows from (|2,3 p . For existence we can assume fi > 0. For any k 6 N* set 
Vk = inf{V, k} and denote by u := Uj- the solution of 

-Au + V k (x)u = in ft 

u = jj, on d£l. 

Then < u k < K[/i]. By the maximum principle, «& is decreasing and converges to some u, and 

< V k u k < VK[/z]. 

Thus, by dominated convergence theorem V^Uk — > Vu in L\. Setting Q € T(Q) and letting k 
tend to infinity in equality 

I (-u fc AC + VkUkC) dx = - [ |^d M , (2.10) 

./n Van <?n 

implies that it satisfies (J2.2 p . D 

Remark. If V changes sign, we can put u = u + K[//]. Then (J2.1 p is equivalent to 

/ -An + Vu = VTK[/i] in 

\ n = o in aa [ } 

This is a Fredholm type problem (at least if the operator <f> i— >■ -R(u) := (— A) _1 (U(/i>) is compact 
in L\(JY)). Existence will be ensured by orthogonality conditions. 

If we assume that V > and 

K n (x,y)V(x)(j)(x)dx < oo, (2.12) 



for some y € c?S7, then 5^ is admissible. The following result yields to the solvability of (J2.1 p for 
any u E 2Jt+(fi). 

Proposition 2.5 Assume V > and i/ie integrals H2.12 \i are bounded uniformly with respect 
to y € 917. TTien any measure on dfl is admissible. 

Proof. If M is the upper bound of these integrals and u € 9JT + (<9Q), we have, 

K[^](x)V(a?)0(a?)da: = I ( f K u (x,y)V(x)(f>(x)dx] dfi(y) < M/x(dQ), (2.13) 



by Fubini's theorem. Thus \i is admissible. □ 

Remark. Since the Poisson kernel in $7 satisfies the two-sided estimate 

c_1 r^w ^ K ^v) < c^4v v(x,y) enxdn, (2.14) 

\x — y\ \x — y| JV 

for some c > 0, assumption ([2.12 p is equivalent to 

/ I 1 - da < oo. (2.15) 

Jn \x-yr 

This implies ([2.8 P in particular. If we set D„ = max{|x — y\ : x G fi}, then 

^(x)0 2 (x) ^ /^ / /■ 2 A dr 

-j n^ d:r = / / V(x)<p z (x)dS r (x) — 



lim 
e->0 



r - */ F(x)(/. 2 (x)dx 
JcinB r (y) 



^y 



+ V/ (/ V(x)<t>\x)dx ) -^ 
lnnBr(y) I r 



(both quantity may be infinite). Thus, if we assume 



V(x)<t> 2 (x)dx ^— < oo, (2.16) 



(2.18) 



limMe' N I V(x)0 2 (x)dS = O. (2.17) 

€ ^° JnnB c ( y ) 

Consequently 

fYMfp. dx = D -Nf v(x)(j) 2 ix)dx + N f^ ft V(x)(t> 2 ix)d \ _^_ 

Jn \x-y\ N y Jn Jo \JnnB r ( y ) j r N+l 

Therefore ([2.12 p holds and 5 y is admissible. 

As a natural extension of Proposition 12.51 we have the following stability result. 

Theorem 2.6 Assume V > and 

lim / if (x,y)V(x)<p(x)dx = uniformly with respect to y £ (9f2. (2. 



IE -> 



19) 



If \x n is a sequence of positive Radon measures on d£l converging to fi in the weak* topology, 
then u^ n converges to u^ in L 1 ($7) n LiyASi) and locally uniformly in Q. 



Proof. We put u^ n := u n . By the maximum principle < u n < K[/i n ]. Furthermore, it follows 
from (12X1) that 

IKII L i(n) + W Vu ^hi(n) ^ c ll/^nll^ceo) ^ <?■ ( 2 - 20 ) 

Since — Au n is bounded in Ll(O), the sequence {u n } is relatively compact in L x ($7) by the 
regularity theory for elliptic equations. Therefore, there exist a subsequence u nk and some 
function u £ L 1 (ri) with Vu € L\(Q) such that u nk converges to u in L 1 (fi), almost everywhere 
on f2 and locally uniformly in Q since V £ L?f ' (O). The main question is to prove the convergence 
of F« nt in L\(Q). If E 1 C Q is any Borel set, there holds 

u n V{x)<j){x)dx < / K[// n ]V(x)</)(x)dx 

</ ( [ K n (x,y)V(x)(t ) (x)dx] dfi n (y) 
Jan \Je J 

< M n max / K n (x,y)V(x)(t)(x)dx, 
yean J E 

where M n := /j, n (dQ). Thus 

/ u n V(x)(f>(x)dx < M n max / if n (:r,y)y(2;)0(2:)<ix. (2.21) 

JE v^ dQ JE 

Then, by ([2JJLJ), 



lim / u n y(a;)0(x)(ix = 0. 
\e\-+oJ e 

As a consequence the set of function {u n (j)V} is uniformly integrable. By Vitali's theorem 
Vu nk — > Vu in Ll(il). Since 

/ (-n n AC + Vu n () dx = - [ f^/i n , (2.22) 

for any £ € T(fi), the function u satisfies ()2.2 p . □ 

Assumption (J2.19 p may be difficult to verify and the following result gives an easier formu- 
lation. 

Proposition 2.7 Assume V > satisfies 

lim / / V(x)4> (x)dx ) AT = uniformly with respect to y £ 5S7. (2.23) 

e->oJo \JanB r (y) J r 7V+i 

T/ten pHFl) ZioWs. 

Proof. If £ C fi is a Borel set and 5 > 0, we put E s = E D B$(y) and E$ = E\E$. Then 

y(x)«/» 2 (x) d3;= /• y(x)0 2 (x) ^ | /" V^)^) dx 



e laj-yl^ J^ \x-y\ N J E c \x-y\ N 



Clearly 

V(X)<J> 2 (X) ^ ^ S _ N J y {x)(j) 2 {x)dx ^ {2M) 



ei \x-y\ N j E . 

Since (|2.16 ) holds for any y G dQ, (|2.18 P implies 

t V(x)<P 2 (x) ^ = S _ N J v{x)4) 2 {x)dx + N [ S ([ V{x)tf{x)dx\ -4tt. (2.25) 

Je 5 \x-vr Je s Jo \JEnB r ( y ) J r N+l 

Using (|2.23 p . for any e > 0, there exists sq > such that for any s > and y G dQ 

- / '" 2^-\ dr 



s<s ^N / F(x)0 J (x)dx -jrrrr < e/2. 

We fix 5 = s . Since (|2X)l holds, 

lim V{x)4> 2 {x)dx = 0. (2.26) 

B Borcl / el 
Ifil-VO ^ 

Then there exists ?7 > such that for any Borel set E C £1, 



\E\<r]^ / F(x)^(x)dx < s v e/4. 



Thus 

V(x)(j) 2 (x) 



„ It — ill AT 



<ix < e. 



This implies the claim by (J2.14 p . D 

An assumption which is used in [28, Lemma 7.4] in order to prove the existence of a boundary 
trace of any positive solution of (jl.22 p is that there exists some nonnegative measurable function 
v defined on R+ such that 

\V(x)\ < v(4>{x)) Vx G n and / tv(t)dt < oo Vs > 0. (2.27) 

Jo 

In the next result we show that condition (J2.27 h implies (J2.19 p . 
Proposition 2.8 Assume V satisfies <\2.27 \j. Then 



lim / K (x,y) \V(x)\ (j)(x)dx = uniformly with respect to y G d£l. (2.28) 

1 Borel J e 



Proof. Since dQ is C 2 , there exist eo > such that any for any x G satisfying 4>{x) < eo, there 
exists a unique c(x) G <90 such that |x — <r(x)| = 4>{x). We use (|2.23 |) in Proposition 12.71 under 
the equivalent form 

lim / / |V(x)|0 (x)dx AT 1 = uniformly with respect to y G 30, (2.29) 

e-*oJo \Jnnc r (y) J r 

10 



in which we have replaced B r {y) by the the cylinder C r (y) := {i £ Q : <M#) < r, \o~(x) — y\ < r}. 
Then 






|y(x)|<A 2 (x)dx ] -^ < C / / W (t)t 2 dt , -3 



<c v(t) (l--)tdt 



<c v{t)tdt. 
Jo 

Thus (J2T2TD holds. D 



3 The capacitary approach 

Throughout this section V is a locally bounded nonnegative and measurable function defined 
on U. We assume that there exists a positive measure no on dQ such that 

/ K[vo]V(x)(/>(x)dx = 8(1, no) < oo. (3.1) 

Definition 3.1 If (J, G 9Jt+(30) and f is a nonnegative measurable function defined in 0, such 
that 

(x,y) ^K[fi](y)f(x)V(x)4>(x) eL'(fi x dQ; dx ® dn) , 



we set 



S(J,n)= / / K n (x,y)dfi(y)) f(x)V(x)<P(x)dx. (3.2) 



If we put 



Ky[/](y) = K" l (x,y)f{x)V{x)<t>{x)dx, (3.3) 

then, by Fubini's theorem, Ky[/] < oo, /i-almost everywhere on d£l and 

£(f,v)= [ (fK n (x,y)f(x)V(x)^(x)dx)dfi(y). (3.4) 

./an \Jn / 



Proposition 3.2 Lei / 6e fixed. Then 

(a) y i— > Ky[/](y) is lower semicontinuous on d£l. 

(b) jx i— > £(f,(j,) is lower semicontinuous on 9JT+(9f2) in i/ie weak* -topology 

Proof. Since y \— > K n (x,y) is continuous, statement (a) follows by Fatou's lemma. If \x n is a 
sequence in 9JT + (<9$7) converging to some /j, in the weak*-topology, then K[/x n ] converges to K[/x] 
everywhere in f2. By Fatou's lemma 

£(/)/•*) < hminf / K[/i n ](w)/(a;)V r (a;)^(x)da; = liminf £(/,/%). 

n— >oo Jq n— >oo 

11 



□ 

Notice that if V</>f G L p (ft), for p > N, then G[Vf(f>} G C 1 ^) and 

K[/](y) := / ir Q (x, y)V{x)f(x)cp(x)dx = -^-G[Vf<t>](y). (3.5) 

This is in particular the case if / has compact support in Q. 

Definition 3.3 We denote by Wl v (dQ) the set of all measures /j, on dfl such that V"K[/j] G 
L\(Q). If fj, is such a measure, we denote 



||/z|Uv= / \K[n](x)\V(x)<t>(x)dx = \\VK[n]\\ L i (3.6) 

Clearly || . \\ w v is a norm. The space 9JT (d£l) is not complete but its positive cone %JiY(dQ) 
is complete. If E C <9S7 is a Borel subset, we put 

m+(E) = {fie Tl + (dQ) : fi{E c ) = 0} and Tll(E) = Wl + {E) n M v (dtt). 



Definition 3.4 If E C d£l is any Borel subset we set 



C V (E) := sup{^(E) : n G »tY(£), ||/x|Lv < 1}. (3.7) 



We notice that (|3.7 p is equivalent to 



M(£) ..._ w y, 



C v (£0 == sup <^ ., . ; : /x G £DT;(E) ^ . (3.8) 

Proposition 3.5 The set function Cy satisfies. 

C V (E) < sup ( [ K n (x,y)V(x)<j)(x)dx ) V£ C 90, £ £oreZ, (3.9) 

2/eE Vin / 

and equality holds in (\3.9 p i/.E zs compact. Moreover, 

C V {E 1 U £ 2 ) = sup{Cv(£i), CV(£ 2 )} V^ C dft, Ei Borel. (3.10) 

Proof. Notice that E t- >• Cy{E) is a nondecreasing set function for the inclusion relation and 
that ([3.7 P implies 

/i(£) < CV(£) ||/i|| OT y V/i G DJll(E). (3.11) 

Let E C 31] be a Borel set and \i G aJt+(£7). Then 



Mlsmv = / ( / # n (z,y)F(a#(zOctej d/i(y) 

> /x(£) inf / K n (x, y)V(x)0(s)da:. 



12 



Using (|3.7 |) we derive 



C V (E) < sup ( / ^(x,y)F(x)0(x)dx ) . (3.12) 

y£E \Jn 



If E is compact, there exists yo £ E such that 



inf / K u (x,y)V(x)(j)(x)dx= K u (x,y o )V(x)0(x)dx, 
y^EJn Jn 

since y i— )• K[l](y) is l.s.c. Thus 

ll^yollsmv = ^o(- B ) / ^(a;,yo)U(a;)0(x)(ix 

./n 

and 

-l 



6 yo( E ) , / / ,--<>, 



Cv(-B) > ,,/ I, = sup / irXx,y)U(xMx)dx 

Therefore equality holds in (]3.9 b . Identity (J3.10 p follows ()3.9 p when there is equality. Moreover 
it holds if Ei and E 2 are two arbitrary compact sets. Since Cy is eventually an inner regular 
capacity (i.e. Cy{E) = sup{Cy(K) : K C E, K compact}) it holds for any Borel set. However 
we give below a self-contained proof. If E\ and E2 be two disjoint Borel subsets of d£l, for any 
e > there exists \i G WC+(E\ U E 2 ) such that 

^n, { E 2 )^ Cv{EiUE2) ^^n,(E 2 ) + ^ 

\\H\<m v llMllgjtv 

Set ^ = x Et fJ- Then fi { G W\{Ei) and \\n\\ m v = ||Mi|| ot v + H/^Hartv. % (EID 

CV(#l U £ 2 ) < „ „ llml 4 y |, C v (E l ) + .. .. IMa f „ C V {E 2 ) + e (3.13) 

This implies that there exists G [0, 1] such that 

C V (E 1 U E 2 ) < eCviEx) + (1 - 9)C V (E 2 ) < max{Cv(Ei), Cy(E 2 )}. (3.14) 

Since Cy(E\ U E 2 ) > max{CV(£i), Cy(£ , 2)} as Cy is increasing, 

Ei nfi 2 = 0=^ CV(^iUS 2 ) = max{CV(£i),CV(£ 2 )}. (3.15) 

If E x n £ 2 + 0, then £iU£ 2 = £iU (E 2 n E\) and therefore 

CV(#1 U E 2 ) = max{CV(£i), CV(^2 D £?)} < max{CV(£i), Cy(£ 2 )}. 

Using again p. 8 p we derive (J3.10 p . D 

The following set function is the dual expression of Cy (E) . 
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Definition 3.6 For any Borel set E C dVt, we set 

C^(S):=inf{||/|| Xoo :K[/](y)>l \/y G E}. (3.16) 

The next result is stated in |X9(, p 922] using minimax theorem and the fact that K n is lower 
semi continuous infix dfl. Although the proof is not explicited, a simple adaptation of the 
proof of [H Th 2.5.1] leads to the result. 

Proposition 3.7 For any compact set E C d£l, 

C V (E) = CUE). (3.17) 

In the same paper [19], formula (|3.9 p with equality is claimed (if E is compact). 

Theorem 3.8 If {// n } is an increasing sequence of good measures converging to some measure 
[i in the weak* topology, then \x is good. 



Proof. We use formulation ([4.10 p . We take for test function the function n solution of 

(3.18) 



-An = 1 in $7 

7] = on fi, 

there holds 

f (1 + V) UfMn T)dx = - i p-dfX n < crVn(dfi) < C~V(^) 

Jn J an on 

where c > is such that 

c- 1 > — -^ > c on dn. 

an 

Since {u^ n } is increasing and n < ccj) by Hopf boundary lemma, we can let n -> oo by the 
monotone convergence theorem. If u := lim n _ > . 00 «» , we obtain 



/ (1 + V)urjdx<c' 1 n(dn). 
Jn 



Thus u and §Vu are in L 1 ^). Next, if C G Cg(fi) n C 1,1 ^), then u^JACI < Cu^ n and 
^V„|CI ^ C^W 7 ?- Because the sequence {«^„} and {Vu^^} are uniformly integrable, the 
same holds for {u^ n AC} and {Vu^C}. Considering 

(- u ^n A C + Vu fln C)dx = - ~-d/i„. 
Jn Jan on 

it follows by Vitali's theorem, 

f (-uA( + Vu() dx = - I -£-du. 

Jn Jan dn 

Thus fi is a good measure. □ 

We define the singular boundary set Zy by 

Z v = lyGdn-. i K n (x,y)V(x)<l)(x)dx = ooj . (3.19) 

Since K[l] is l.s.c, it is a Borel function and Zy is a Borel set. The next result characterizes the 
good measures. 

14 



Proposition 3.9 Let \i be an admissible positive measure. Then fJ,(Zy) = 0. 
Proof. If K C Zy is compact, fix = X K ^ ls admissible, thus, by Fubini theorem 



llMKllartv = / f / K n (x,y)V(x)(f>(x)dx) dfj,(y) < oo. 

Since 

/ K n (x, y)V{x)<j){x)dx = 00 Vy G K 
Jn 

it follows that n(K) = 0. This implies n(Zy) = by regularity. D 

Theorem 3.10 Let fi G Wl + (dQ) such that 

fi{Z v ) = 0. (3.20) 

Then fi is good. 
Proof. Since K[l] is l.s.c, for any n G N*, 

K n :={yedn:K[l](y)<n} 
is a compact subset of dU. Furthermore K n n Zy = and UiC n = Zy. Let /u n = x K M> then 

f(l,/i„) = I ^ n ]V{x)4>{x)dx < nf i n (K n ). (3.21) 

in 

Therefore /i n is admissible. By the monotone convergence theorem, fj, n \ x z M an d by Theo- 
rem [321 X z c ^ i s good. Since (|5.6 p holds, x z c f J, = Mj which ends the proof. □ 

The full characterization of the good measures in the general case appears to be difficult 
without any further assumptions on V. However the following holds 

Theorem 3.11 Let fi G 5U?+(<9$7) be a good measure. The following assertions are equivalent: 

(i) fiiZy) = 0. 

(ii) There exists an increasing sequence of admissible measures {n n } which converges to /i in 
the weak* -topology. 

Proof. If (i) holds, it follows from the proof of Theorem l3.10l that the sequence {/i n } increases and 
converges to [i. If (ii) holds, any admissible measure \x n vanishes on Zy by Proposition ^. 91 Since 
Mn < M) there exists an increasing sequence of /n-integrable functions h n such that [i n = h n \i. 
Then /j, n (Zy) increases to /J,(Zy) by the monotone convergence theorem. The conclusion follows 
from the fact that fj, n (Zy) = 0. □ 
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4 Representation formula and reduced measures 

We recall the construction of the Poisson kernel for — A + V: if we look for a solution of 

f -Av + V(x)v = in Q , . 

| v = v in <9Q, 

where ^ £ 9JT(<9il), V > 0, V £ L??(n), we can consider an increasing sequence of smooth 
domains Q n such that Vt n C £l n +i an d U n f2 n = U n J7 n = fi. For each of these domains, denote 
by Ky the Poisson kernel of —A + V\ nn in £1 and by I£y x [.] the corresponding operator. 

We denote by K := Kq the Poisson kernel in Q and by K[.] the Poisson operator in £1. Then 
the solution v := v n of 

r _ A „ + y^ = o infi 

|^ v = v in (9Q, 

is expressed by 



« n (x)= / i^ Xn (x,i/)di/(y)=Kv Xn M(x). (4.3) 

Jen " n 

If G is the Green kernel of —A in and G[.] the corresponding Green operator, (14.3 j) is 
equivalent to 



v n (x)+ / G"(x,y)(Vx nn <; n )(y)dy = / K u (x,y)dv(y), (4.4) 

equivalently 

v n + G\Vx an v n ] = K[u]. 

Notice that this equality is equivalent to the weak formulation of problem (14.2 ft : for any C G 
T(O), there holds 

/ (-n„AC + V Xnn VnC) dx = -[ ^du. (4.5) 

Since n h-> Ky is decreasing, the sequence {v n } inherits this property and there exists 

lim K$ (x,y) = K$(x,y). (4.6) 

By the monotone convergence theorem, 



By Fatou's theorem 



lim v n (x) = v(x) = / Ky(x,y)du(y). (4.7) 

n ^°° Jan 



and thus, 



G"(x,y)V(yMy)dy < liminf / G u (x,y)(V Xnn v n )(y)dy, (U 



v(x)+ / G n (x,y)V(y)v{y)dy <K[v](x) Vxefi. (4.9) 

Vn 
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Now the main question is to know whether v keeps the boundary value v. Equivalently, whether 
the equality holds in (|4.8 p with lim instead of liminf, and therefore in (|4.9 p . This question 
is associated to the notion of reduced measured in the sense of Brezis-Marcus-Ponce: since 
Vv G L\{Q) and 

- Av + V(x)v = in Q (4.10) 

holds, the function v + G\Vv\ is positive and harmonic in Q.. Thus it admits a boundary trace 
v* G Wl + (dn) and 

v + G[Vv] = K[v*]. (4.11) 

Equivalently v satisfies the relaxed problem 

-Av + V(x)v = in . . 

v = v* in<9Q, [ ' ' 

and thus v = u u * . Noticed that v* < v and the mapping v t- y v* is nondecr easing. 

Definition 4.1 T/ie measure v* is the reduced measure associated to v. 

Proposition 4.2 There holds 'Ky[i>] = %[y*]. Furthermore the reduced measure v* is the 
largest measure for which the following problem 

- Av + V(x)v = into 

A G m+(dn), \<v (4.13) 

v = A in <9il, 

admits a solution. 

Proof. The first assertion follows from the fact that v = Ky[f] by (J4.6 | and w = u v * = Ky[i/*] 
by (|4.12 |) . It is clear that v* < v and that the problem (|4.13 \ admits a solution for A = v*. If 
A is a positive measure smaller than //, then A* < /i*. But if there exist some A such that the 
problem (14.13 j) admits a solution, then A = A*. This implies the claim. D 

As a consequence of the characterization of v* there holds 

Corollary 4.3 Assume V > and Zei {14} 6e an increasing sequence of nonnegative bounded 
measurable functions converging to V a.e. in CI. Then the solution Uk of 

-An + V k u = in Cl . . 

u = v in dfl, 

converges to u v * . 

Proof. The previous construction shows that n^ = H€y fe [^] decreases to some n which satisfies 
a relaxed equation, the boundary data of which, r/*, is the largest measure A < v for which 
problem (J4.13 p admits a solution. Therefore P* = u* and n = n^* . Similarly {Ky } decreases 
and converges to Ky. D 

We define the boundary vanishing set of Ky by 
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Sing v {n) := {y G dn \ K$(x, y) = 0} for some xefl. (4.15) 

Since V G Lf£ c (£l), Sing v ($7) is independent of x by Harnack inequality; furthermore it is a Borel 
set. This set is called the set of finely irregular boundary points by E. B. Dynkin; the reason for 
such a denomination will appear in the Appendix. 

Theorem 4.4 Let v G 9Jl + (dQ). 

(i) If v{{Sing v {tt)) c ) = 0, then v* = 0. 
(ii) There always holds Sing (p,) C Zy. 



Proof. The first assertion is clear since v = x sinn Im v + x* inn tm ^ = : X., inn (rA v and, by 
Proposition 14.21 



l 5m Sy (S!) A-Smg v (n))c ^Sing v (n) 



u v *(x)=K v [v*](x) = / Ktf(x,y)dv(y)=Q Viefi, 

JSing v (Q.) 

by definition of Sing (Q). For proving (ii), we assume that Cy(Sing (U)) > 0; there exists 
H G Wl+(Sing v (Q)) such that fi(Sing v (tt)) > 0. Since fx is admissible let u^ be the solution of 
(ITT")) . Then // = fj,, thus u M = K v [fi] and 

K y [ M ](x) = / K$(x,y)dn(y) = I K$(x,y)dn(y) = 0, 

J dCl J Sing (CI) 

contradiction. Thus Cy(Sing v (VL)) = 0. Since (|3.9 p implies that Zy is the largest Borel set 
with zero Cy-capacity, it implies Sing v (Q) C Zy. D 

In order to obtain more precise informations on Sing v (Vt) some minimal regularity assump- 
tions on V are needed. We also recall the following result due to Ancona [6] and developed in 
the appendix of the present work. 

Theorem 4.5 Assume V > satisfies 5qV G L°°($7). If for some y G d£l and some cone C y 
with vertex y such that C y n B r (y) C £1 U {y} for some r > i/iere /toWs 

jv_ 2 ^ = oo, (4.16) 



c y i y 



then 

K$(x,y) = Q Viefi. (4.17) 

This means that ()4.16 p implies that y belongs to Sing (Q). Set 5q(x) = dist (x, dQ). We define 
the conical singular boundary set 

Z v = lyedQ: / K n (x, y)V(x)4>(x)dx = oo for some e > I (4.18) 

where C £)2/ := {x G S7 : (fo(x) > e[x — y|}. Clearly Zy C Zy. 
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Corollary 4.6 Assume V > satisfies 5^V G L°°(0). T/ien Zy C 5m Sv (fi). 
Proof. Let y € Zy. Since there exists c > such that 

c~ x V(x)\x-y\ 2 - N <K n (x,y)V(x)(/)(x) < cV{x)\x - y\ 2 ~ N Vx G C e>y (4.19) 

the result follows immediately from ([4.16 p . ([4.18 p . □ 

Remark. In situations coming from the nonlinear equation —Au + In) 9-1 !! = in Q, with q > 1, 
V = Jul 9 " 1 not only satisfies gdf^V G L°°(il) but also the restricted oscillation condition: for 
any y G d£l and any open cone C y with vertex y such that C y <s fi, there exists c > such that 

V(x, z)eC y x C y , \ x -y\ = \z-y\=> c' 1 < ^ < c. (4.20) 

It is a consequence of the Keller-Osserman estimate and Harnack inequality. In this case condi- 
tion ([4.16 p is equivalent to 

-I 

V(n(t))tdt = oo, (4.21) 



'o 

at least for one path 7 G C 0,1 ([0, 1]) such that 7(0) = y and 7((0, 1] C C y for some cone C y <= Q.. 

5 The boundary trace 

5.1 The regular part 

In this section, V G Lf^ c (Cl) is nonnegative. If < e < eo, we denote Sq(x) = dist(x,dQ) for 
1 G O, and set ri e := {x G fi : 6q(x) > e} , £l' e = £1 \ tt 6 and S e = d£l e . It is well known that 
there exists eo such that, for any < e < eo and any x € Q' e there exists a unique projection 
o~(x) of x on dVt and any ie!l[ can be written in a unique way under the form 

x = a(x) - 6n(x)n 

where n is the outward normal unit vector to d£l at o~(x). The mapping x 1— > (<5n(x),o"(x)) is a 
C 2 diffeomorphism from Q' e to (0, eo] x dQ. We recall the following definition given in |28j. If A 
is a Borel subset of dQ, we set A € = {x G S e : ct(x) G A}. 

Definition 5.1 £e£ A be a relatively open subset of dVt, {/x e } 6e a set of Radon measures on A e 
(0 < e < eo) and \x G Wl(A). We say that /U e — *■ /x in the weak*-topology if, for any ( G C C (A), 



e^O 



Ae J A 



lim / C(a(x))dfx e (x) = / (dfi. (5.1) 



A function u G C(il) possesses a boundary trace [i G 9Jl(^4) i/ 

lim f C(cr(x))u(x)dS(x) = f (dfx VC G CJA). (5.2) 

£ ^ 7 a J A 



>Ae JA 

The following result is proved in [281 P 694]. 

19 



Proposition 5.2 Let u E C(ft) be a positive solution of 

- Au + V(x)u = inQ. (5.3) 

Assume that, for some z E d£l, there exists an open neighborhood U of z such that 

Vu(ft(x)dx < oo. (5.4) 

unn 

Then u E L l (K n ft) for any compact subset K C G and there exists a positive Radon measure 
fi on A = U n <9ft such that 

lim / ((o-(x))u(x)dS(x) = [ (dfi VC E C c (t/ n ft). (5.5) 

e ^°J(7ns e J A 

Notice that any continuous solution of (|5.3 p in ft belongs to W l( £{Q) for any (1 < p < oo). 
This previous result yields to a natural definition of the regular boundary points. 

Definition 5.3 Let u E C(ft) be a positive solution of (\5.3 |) . A point z E 9ft is called a 
regular boundary point for u if there exists an open neighborhood U of z such that (|5.5 P holds. 
The set of regular boundary points is a relatively open subset o/9ft, denoted by lZ(u). The set 
S(u) = <9ft \ lZ{u) is the singular boundary set of u. It is a closed set. 

By Proposition 15.21 and using a partition of unity, we see that there exists a positive Radon 
measure \i := /i u on 1Z(u) such that (|5.5 |) holds with U replaced by 1Z{u). The couple (fi u ,S(u)) 
is called the boundary trace of u. The main question of the boundary trace problem is to 
analyse the behaviour of u near the set S(u). 

For any positive good measure fi on 9ft, we denote by u^ the solution of (|4.1 p defined by 

don - driri i. 

Proposition 5.4 Let u € C(ft) n W^iQ) for any (1 < p < oo) be a positive solution of (\5.3 p 
in ft with boundary trace (fj, u ,S(u)). Then u > u^ u . 

Proof. Let G C 9ft be a relatively open subset such that G C 1Z{u) with a C 2 relative boundary 
d*G = G \ G. There exists an increasing sequence of C 2 domains ft n such that G C dQ n , 
<9ft ra \ G C ft and U n ft n = ft. For any n, let v := v n be the solution of 

-Av + Vv = in ft n 

U = x G ^ m OU n . 

Let n n be the restriction of u to ft n . Since n E C(ft) and Vucft E L 1 (ft n ), there also holds 

Vu4> n E L x (ft n ) where we have denoted by <p n the first eigenfunction of —A in W ' (ft n )- 

Consequently u n admits a regular boundary trace fi n on <9ft n (i.e. TZ{u n ) = <9ft n ) and n n is the 

solution of 

(-Av + W = in ft 

[ v = [i n in dft n . 
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Furthermore /x n |c = x G /i M . It follows from Brezis estimates and in particular (|2.5 |) that u n < u 
in O n . Since O n C Q n +i, v n < v n+ \. Moreover 



v n + G n " [Vv n ] = K n " [ Xg li] in Vt n . 

Since K. [Xg^u] — > K [x G /i u ], and the Green kernels G n (x,y) are increasing with n, it follows 
from monotone convergence that v n "f u and there holds 

v + G Q [T/t>] = K c [x G ^ n ] m fi. 

Thus v = u x Mu and u x ^ u < u. We can now replace G by a sequence {G^} of relatively open 
sets with the same properties as G, Gk C G^ and U^G^ = 1Z(u). Then {-u x „} is increasing 
and converges to some u. Since 

u x Gk ^+G n [Vu XGk , u ] = K n [x Gk ^], 

and K n [x Gfc /i] f K n [fi u ], we derive 

This implies that u = Un u < u. D 

5.2 The singular part 

The following result is essentially proved in [28, Lemma 2.8]. 

Proposition 5.5 Let u G C(O) for any (1 < p < oo) be a positive solution of ([5.3 \) and suppose 
that z G S{u) and that there exists an open neighborhood Uq of z such that u G L l (Q n Uq). 
Then for any open neighborhood U of z, there holds 

lim / ((a(x))u(x)dS (x) = oo. (5-8) 

As immediate consequences, we have 

Corollary 5.6 Assume u satisfies the regularity assumption of Proposition \5.4\ Then for any 
z G S(u) and any open neighborhood U of z, there holds 

lim sup / C(a(x))u(x)dS(x) = oo. (5-9) 

e->o JunT, c 

Corollary 5.7 Assume u satisfies the regularity assumption of Proposition [57^1 If u & L l (Q), 
Then for any z G S(u) and any open neighborhood U of z, <\5.8 \) holds. 

The two next results give conditions on V which imply that S{u) = 0. 

Theorem 5.8 Assume N = 2, V is nonnegative and satisfies \2.19 \ . If u is a positive solution 
of (TOl . thenTZ{u) = dVt. 
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Proof. We assume that 

V<t>udx = oo. (5.10) 



n 

If < e < eo, we denote by (</> e , A e ) are the normalized first eigenfunction and first eigenvalue of 
-A in W 1,2 (n e ), then 

lim / V<ft e udx = oo. (5-H) 

Because 



^°J^ 



(A e + <f) e V)udx = — ——udS, 
hn t on 



and 

dn 



-1 ^ ^Ve 
C < — — — < C, 



for some c > 1 independent of e, there holds 

lim / udS = oo. (5-12) 

Denote by m e this last integral and set v e = m~ l u and \x e = m~ 1 u\gii e . Then 

v e + G Qc [Vv e ] = K Qc [fi e ] in Q e (5.13) 

where 

K n «[/i e ](x)= / K^{x,y)tiMdS{y) (5.14) 

is the Poisson potential of /U e in O e and 

G n '[^«](x)= / G^(x,y)y(y)n(y)dy, 
the Green potential of Vu in J7 e . Furthermore 



- Av e + Vv e = in O e 

i> £ = fj, t in <9f2 e . 



(5.15) 



By Brezis estimates and regularity theory for elliptic equations, {Xn e v e} is relatively compact 
in L x (f]) and in the local uniform topology of Q e . Up to a subsequence {e n }, fi €n converges to 
a probability measure jjl on dVi in the weak*-topology. It is classical that 

K n -[/x en ]^K[ M ] 

locally uniformly in Q, and x n v en — > v in the local uniform topology of $7, and a.e. in $7. 
Because G e (x,y) t G (x,y), there holds for any i£(! 

lim Xn e (y)G a "(x,y)y(2/)^ n (y) =G n (x,y)y(y)f(y) for almost all y E (5.16) 
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Furthermore v €n < Kp en [/j, €n ] reads 

Ve n (z)dS(z) 



V en (y) <C(p 6n (y) . 

hn n \y ~ A 



In order to go to the limit in the expression 



L n := G^[Vv e J(x) = / Xs2e (y)G^(x,y)V(y)v €n (y)dy, (5.17) 

we may assume that x £ £l ei where < e\ < eo is fixed and write f2 = £l ei U Q' ei where 

Q' ti =n\n ei :={xeQ: dist (x, dQ) < ei} 
and L n = M n + P n where 

M n = f Xn en (y)G nen (x,y)V(y)v £n (y)dy (5.18) 

Jn ei 



and 



Since 

■ {.i . ;/.i i [1/ ir, „ [1/ 1 ~~ ( \ ,, 

< cHVl 



^n=/ x^(y)G^(x,y)y(yK n (y)dy. (5.19) 



Xo ei (y)G Qe "(x,7/)y(y)t; en (y) < cx„ (y) |ln(|x - y|)| V(y)u £ „(y) 



L-(fi ei ) Xn ei (y) |ln(|x - y\)\v €n (y), 



it follows by the dominated convergence theorem that 

]im M n =f G n (x,y)V(y)v(y)dy. (5.20) 



Let £ C O be a Borel subset. Then G en (x,y) < c(x)<p en (y) if y € f^. By Fubini, 



Xn e „(y)^"(x,y)F(yK n (y)d2/<cc(x)/ { / Xn Jy) ^|Ml^ ] „ €n { z )dS{z) 



n' ei nE '"^ " ' Jan„\Jn' n nE ~" cn \y ~ z 



<cc(x)max / Xn (y/^^dy 



(5.21) 
If y € il £n fl -E, there holds 4>{y) = <fr e „(y) + £«• If -z E 9fi en n E and we denote by a(z) the 
projection of z onto d£l, there holds |y — cr(z)\ < \y — z\ + e n . By monotonicity 

<f>e n (y) . <Pe n (y) + e n <Hy) 

i r - i n — - 1 TTT' ( 5 - 22 ) 

\y-z\ \y-z\ + e n \y - a(z)\ 
thus 

X ilf _ (y)G nc "(x,y)V{y)v €n (y)dy < cc(x) max / X» e fa) ■ ,; fW (5.23) 

' aE n z ^ dQ JQinE n W ~ z \ 



ft '«i — 
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By ([2.19 |) this last integral goes to zero if lO^ r\EP\£l en \ — > 0. Thus by Vitali's theorem, 
the sequence of functions {Xn c (-)G nen (x, .)V (y)i>e„(-)}n6N is uniformly integrable in y, for any 
x € 0. It implies that 



Urn Xne (y)G n ^(x,y)V(y)v en (y)dy= G n (x,y)V(y)v(y)dy, (5.24) 

and there holds v + G[Vv] = K[/x]. Since u = m t v t in and m t — > oo, we get a contradiction 
since it would imply u = oo. D 

In order to deal with the case iV>3 we introduce an additionnal assumption of stability. 
Theorem 5.9 Assume N > 3. Let V € Lj~ (fi), V > suc/i tficrf 

lim / V(y) — ; rjr T — dy = uniformly with respect to z £S f and e € (0, eo]. (5.25) 

B Borel J g | y — Z \ 



E Bo 
\E\ -> 



If u is a positive solution of (15.3 j) , £/ien 7£(ii) = (90. 

Proof. We proceed as in Theorem 15.81 All the relations (J5.10 [) - (|5.20 p are valid and (J5.21 p has 
to be replaced by 

Xa en (y)G n 'H^y)V(y)v tn (y)dy <cc{x) max [ X^iv fa^Z+l dy. (5.26) 



^n 6 



Since ([5.22 p is no longer valid, ([5.22 p is replaced by 



Xu ln (y)G°^(x,y)V(y)v en (y)dy < cc(x) max jv{y) ^-^ dy. (5.27) 



n 
n'nB"""""" ' "" "" """" " ~ * '*ez en j E — \y-z 



l i 



By ([5.25 p the left-hand side of ([5.27 p goes to zero when \E\ — > 0, uniformly with respect to 
e n . This implies that ([5.24 p is still valid and the conclusion of the proof is as in Theorem 15.81 

□ 

Remark. A simpler statement which implies ([5.25 p is the following. 

uniformly with respect to < e < eo and to z € S e . The proof is similar to the one of 
Proposition 12.71 

Remark. When the function V depends essentially of the distance to 50 in the sense that 

|V(s)| < v{(j){x)) VxeO, (5.29) 

and v satisfies 

fa 

tv(t)dt < oo, (5.30) 



/o 

Marcus and Veron proved |28[ Lemma 7.4] that lZ(u) = 00, for any positive solution u of ([5.3 p . 
This assumption implies also ([5.25 p . The proof is similar to the one of Proposition! 
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5.3 The sweeping method 

This method introduced in [32] for analyzing isolated singularities of solutions of semilinear 
equations has been adapted in [25] and [55] for defining an extended trace of positive solutions 
of differential inequalities in particular in the super-critical case. Since the boundary trace 
of a positive solutions of (|5.3 p is known on 1Z(u) we shall study the sweeping with measure 
concentrated on the singular set S(u) 

Proposition 5.10 Let u £ C(fi) be a positive solution of <\5.3 \ with singular boundary set 
S(u). If /j, G Wl + (S(u)) we denote v^ = inf {u,u M }. Then 

- A Vfl + V(x)v„ > in n, (5.31) 

and Vfj, admits a boundary trace 7 u (/i) € 9Jt+(5(u)). The mapping /x i— > 7 u (/i) is nondecreasing 
and<y u (fi) < fi. 

Proof. By [33], (f53Tj) holds. But Vu^ G Lj(«) =>- Vv^ € L\(£l), if we set w := G\Vv^\, then 
v^ + w is nonnegative and super-harmonic, thus it admits a boundary trace in 9Jl+(d$l) that 
we denote by 7 u (/x). Clearly 7«(/i) < /i since v^ < u^ and 7 u (/x) is nondeacreasing with /x as 
/ji-> «,, is. Finally, since v^ is a supersolution, it is larger that the solution of (|5.3 p with the 
same boundary trace 7„ (/i) , and there holds 

u luM < V (5.32) 

Proposition 5.11 Let 

v s (u) := sup{7 u (/i) : /i E 2Jt+(5(w))}. (5.33) 

T/ien f s {u) is a Borel measure on S(u). 

Proof. We borrow the proof to Marcus- Veron [29 1, and we naturally extend any positive Radon 
measure to a positive bounded and regular Borel measure by using the same notation. It is clear 
that v s {u) := v s is an outer measure in the sense that 

oo oo 

z/ s (0) = 0, and v s {A) < y^j/(A k ), whenever A C [J A k . (5.34) 

fc=i fc=i 

Let A and B C S{u) be disjoint Borel subsets. In order to prove that 

v s (AUB) = v s (A) + v s (B), (5.35) 

we first notice that the relation holds if max{^ s (A), v s (B)} = oo. Therefore we assume that 
v s (A) and u s (B) are finite. For e > there exist two bounded positive measures /ii and /i2 such 
that 

7uO*i)(-A) < v{A) < j u ( fJ , l )(A)+s/2 

and 

7«0*2)(-B) < i/(S) < -y u (fi 2 )(B) +e/2 
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Hence 

u g (A) + v g {B) < 7«(Mi)(^) + 7«M(#) + e 

< 7«0i + A«2)(A) + 7«0i + Ato)(-B) + ^ 
= 7«(Mi + M2)(^US) + e 

< i> s (AuB) +£. 

Therefore v s is a finitely additive measure. If {A^} [k € N) is a sequence of of disjoint Borel 
sets and A = LiAk, then 

(\ n oo 

U A k\=Y. u s( A k)^v s ( A )>Y. v s( A k)- 
l<k<n J fc=l fc=l 

By ([5.34 p . it implies that z/ g is a countably additive measure. □ 

Definition 5.12 The Borel measure v(u) defined by 

v{u){A) :=^ s {AnS(u))+fi u (AmZ(u)), VA C 90, A Borel, (5.36) 

is called the extended boundary trace of u, denoted by Tr e (u). 
Proposition 5.13 If A C S(u) is a Borel set, then 

u s (A) := snp{ 7u (fi)(A) : /z G £Dl+(A)}. (5.37) 

Proo/. If X,X' eTl + {S(u)) 

mf{u,u\ + \>} = inf {u,u\ + u\>} < inf {u,u\} + inf{u,U\t}. 
Since the three above functions admit a boundary trace, it follows that 

7n(A + A')<7 M (A)+74A')- 
If A is a Borel subset of S(u), then /i = /j,a + ^a c where \x& = Xe^- Thus 

7u(fJ>) < 7«(/m) + 7u(MA c )> 

and 

7«0*)(^) < 7u(pA){A)+"/ u (ti A c)(A). 

Since 7uO-tA c ) < /U^c and ha c {A) = 0, it follows 

7«(m)(^)<7«0m)(^)- 
But ^ < /i, thus 7u(ma) < 7u(m) an d finally 

7u (M)(A)=7 u ( Mil )(A). (5.38) 

If neWl + { A), fi = fi A , thus flOD follows. □ 
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Proposition 5.14 There always holds 

u(u)(Sing v (n)) = 0, (5.39) 

where Sing v (Q) is the vanishing set of Ky(x, .) defined by < \4-15 ). 



Proof. This follows from the fact that for any /i € 9H+(<9f2) concentrated on Singy(Q), u^ = 0. 
Thus 7 U (» = 0. If /m is a general measure, we can write fj, = x„-„ ,„^ + X f<Ji „„ ,„„ c ^ thus 



«,, = u Y u - Because of (15.32 I) 
** x (sing v (n))^ " " 



Stng v (n)^ /v {fflns y (ll)r 



7u(M)(5in flv («)) = 7n(X (5inv(n))c /^)(5m 9v (fi)) < U (sin ^ (n))c ^)(5m V (O)) = 0, 

thus ([H^Tjl holds. D 

Remark. This process for determining the boundary trace is ineffective if there exist positive 

solutions u in O such that 

lim u(x) = oo. 
fa(aO-)-0 

This is the case if Q = Br and V(x) = c(R — |x|)~ 2 (c > 0). In this case Ky(x, .) = 0. For any 
a > 0, there exists a radial solution of 

cu 

- Au + V^W = ° inBR (5 ' 40) 



under the form 

,1-JV 






u{r) = u a (r) = a + c s 1 ' 1 " «(*)____. (5.41 



Such a solution is easily obtained by fixed point, w(0) = a and the above formula shows that u a 
blows up when r f R. We do not know if there a exist non-radial positive solutions of (|5.40 p . 
More generaly, if O is a smooth bounded domain, we do not know if there exists a non trivial 
positive solution of 

-Au + ^— u = in a (5.42) 

d z (x) 

Theorem 5.15 Assume V > and satisfies §2.19 \ . If u is a positive solution of §5.3 p . then 
Tr e {u) = y(u) is a bounded measure. 

Proof. Set v = v{u) and assume v(dQ) = oo. By dichotomy there exists a decreasing sequence 
of relatively open domains D n C dO, such that D n C -D n -i, diamD n = r n — >• as n — > oo, and 
v(D n ) = oo. For each n, there exists a Radon measure /i„ G 9JT + (Z? n ) such that 7«(/i n )(-Dn) = ^ 
and 

« > ^ = inf{u,u^} > u 7 „( M „). 

Set m ra = n _1 7 u (// n ), then m n G 2Jt+(-D n ) has total mass 1 and it converges in the weak*- 
topology to d a , where {a} = f) n D n . By Theorem 12.61 "m„ converges to us a . Since u > nu mn , it 
follows that 

u > lim nu mn = oo, 
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a contradiction. Thus v is a bounded Borel measure (and thus outer regular) and it corresponds 
to a unique Radon measure. □ 

Remark. If N = 2, it follows from Theorem 15.81 that u = u u and thus the extended boundary 
trace coincides with the usual boundary trace. The same property holds if N > 3, if ([5.25 P 
holds. 

A Appendix: A necessary condition for the fine regularity of a 
boundary point with respect to a Schrodinger equation 

by Alano Ancona^l 

This appendix is devoted to the derivation of a sufficient condition -stated in Theorem IA.1I 
below (section Al)- for the fine singularity of a boundary point of a Lipschitz domain with 
respect to a potential V. This theorem answers a question communicated by Moshe Marcus 
and Laurent Veron to the author -and related to the work [30] by Marcus and Veron-. The 
expounded proof goes back to the unpublished manuscript [6]. In a forthcoming paper other 
criterions for fine regularity will be given - in particular a simple explicit necessary and sufficient 
condition for the fine regularity of a boundary point and a criteria for having almost everywhere 
regularity in a subset of the boundary. 

The exposition can be read independently of the above paper of L. Veron and C. Yarur. The 
few notions necessary to the statement of Theorem IA.1I are recalled in section Al. Section A2 
is devoted to some known basic preliminary results and the proof of Theorem IA.1I is given in 
section A3. 

Acknowledgment. The author is grateful to Moshe Marcus and Laurent Veron for bringing 
to his attention their motivating question. 

A.l Framework, notations and main result 

Let Q, be a bounded Lipschitz domain in WL N . Denote 5q(x) := d(x;1H N \ Q.) the distance from 
x to the complement of Q, in R and for a > 0, let V(Sl,a) denote the set of all nonnegative 
measurable function V : SI — )• K such that V(x) < a/(dQ(x)) 2 in £1. We also let xq to denote a 
fixed reference point in Q. 

For V G V(o, Q), we will consider the Schrodinger operator Ly := A — V associated with 
the potential V. Here A is the classical Laplacian in R . 

The kernels K y , Ky and Ky . It is well known ([22], [23]) that to each point y G <9f2 corresponds 
a unique positive harmonic function K y in O that vanishes on dO, and satisfies the normalization 
condition K y {x$) = 1. This function is the Martin kernel w.r. to the Laplacian in 0, with pole 
at y and normalized at xq. It may also be seen as a Poisson kernel with respect to A in $7. 
The function K y is obviously superharmonic in Vt with respect to Ly and we may hence consider 
its greatest Ly-harmonic minorant KY in Q defining hence another kernel function at y. 
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By the results in [3] (see paragraph A2 below) it is also known that for each y G 90 there 
exists a unique positive Ly-harmonic function KZ in O that vanishes on 90 \ {y} and satisfies 
K^(xq) = 1. Thus KY = c y KY with c y = K^(xo). Here a function u : — ► E is Ly-harmonic 
if u is the continuous representative of a weak solution -u of Ly(u) = (so u G if^ oc (0) by 
assumption and necessarily u € W^'^O) for all p < oo). 

The set of "finely" regular boundary points with respect to Ly in is 

TZeg v (n) := {y e 8n; KY > 0} = {y e 8n; c y > 0} (A.l) 

-since c is u.s.c. this is a K a subset of 90- and the set of "finely" irregular boundary points 
is Sing (Q) := 90 \ 1Zeg v (Q). These notions were introduced by E. B. Dynkin in his study of 
positive solutions in of a non linear equation such as An = u q , q > 1 -in which case, given u, 
we recover Dynkin's definition on taking V = lul 9-1 . See the books [16], [T7] of E. B. Dynkin 
and the references there. From the probabilistic point of view, a boundary point y G 90 is Ly 
finely regular iff for the Brownian motion {£ s }o<s<r starting say at xq and conditioned to exit 
from at y, it holds that L V(£ s ) ds < +oo a.s., or in other words, iff the probability for this 
process to reach y when killed at the rate e ^ s > is strictly positive. 

Let us now state Theorem IA.H It answers the question (2005) of Marcus- Veron alluded to 
above: suppose that for sufficiently many Lipschitz path (resp. every linear path) j : [0, rj[ — > O 
such that 7(0) = y and d(j(t), 90) > c \j(t) — y\ for < t < r/ and some c > 0, it holds that 

en 

tv(rf(t))dt = +00; 



/o 
does it follow that y is finely singular w.r. to V and ? 

Theorem A.l Let y G 90 and let C e ^ y := {x G O ; 5q(x) > ed(x,y)} for < e < 1. If 

dx 

V W \ x _ v \N-2 =+™ ( A - 2 ) 

/or some e > ; then y G Sing„(0). 

A. 2 Boundary Harnack principle for Ly 

To prove Theorem IA.1I we will rely on the main result of [3] (see also [5] ) in well-known forms 
more or less explicit in [4j (see e.g. Theorem 5' and Corollary 27 there) or [5]. In this section we 
state these needed ancillary results and fix some notations to be used in what follows. 

Fix positive reals r, p > such that < 10 r < p and let / be a -^ lipschitz function in the 
ball Bn_i(0, r) of IR^ -1 - we let B^_i(m, s) to denote the ball in R w_1 of center m and radius 
r— . Define then the region Ut (r, p) in M. N as follows 

U f (r, p) := {(x, x N ) G R N ~ l x M ~ 1^ ; \x'\ < r, f{x') < x N < p } (A.3) 

We will also denote it U (leaving /, r and p implicit) when convenient. Set d#U := dU n {x = 
(x',x N ) G 1^ ; \x'\ <r,x N = f{x') } and define T(t) := J B w _i(0;tr) x (-tp,+tp) . 

Recall V a (U) is the set of all Borel nonnegative functions V in U such that V(x) < jn~?z for 
x 6 U. For V Holder continuous (in fact for a natural class of second order elliptic operators) 
the following statement goes back to [2]. See also [13] for V = 0. 
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Lemma A. 2 Let V G V a (U) and set Ly := A — V. There is a constant C depending only on 
N , a and - such that for any two positive Ly -harmonic functions u and v in U that vanish on 

^)< C ^M fora u x eUCT(l) (A.4) 

where A = A v = (0, ...,0, f). 

Proof. Let us briefly recall -for readers convenience- how this lemma follows from Theorem 1 
in [4j. By homogeneity we may assume that r = 1 and that p is fixed. Let A' = (0, ... ,0, -^) 
and let Bn denote the open ball i?/v(0, 1) in R . It is easy to construct a bi-Lipschitz map F : 
U — > Bn(0, 1) with a bi-lipschitz constant depending only on p and N and which maps A' onto 
0, U fl T(l/2) onto B^ := {x G B N ; x N < -\) and U \ T(§) onto B N := {x G B N ; xjv > j }• 

Standard calculations show that if u is A — V harmonic in U then the function u\ : = 
u o F^ 1 is Li — V o F _1 harmonic in S^r for some (symmetric) divergence form elliptic operator 
L\ = ^2ijdi(aijdj) in Bn satisfying C-f 1 In < {ay} < Ci /at with Ci = Ci(N, ~) > 1. Let 
Vj_ = V o Ff 1 . Clearly V\ G V(£jv, a') for a' = C 2 a. 

Other simple calculations show that the operator C = (1 — |a;|) 2 (Li — Vi) seen as a map 
HJ oc {Bn) — > H 1oc (Bn) is an adapted elliptic operator in divergence form over the hyperbolic 

ball Bn (i.e. w.r. to the hyperbolic metric ds 2 = tt^t-Ww) m the sense of [JJ. Moreover since 

2 

the form tp i-> J B aijdupdjipdx — £o J B <i-\ x \\ 2 ^ x ls coerc i ve f° r £ o = £o(Gi,N) > chosen 
sufficiently small, the differential operator C is weakly coercive which means that there exists 
£o = £o(-W> 7) > such that C + Eq admits a Green's function in Bjy. 

This shows that Theorem 1 in [2] applies to C. Thus there is a constant c = c(so,Ci,N), 
c > 1, such that for z = (z', zjv) G 5^ and y G S^ one has 

c-^Gcfaz) < G c (y,0)G c (0,z) < cG c (y,z) (A.5) 

Here we have also used the standard Harnack inequalities for C and have denoted Gc. the C 
Green's function in Bn w.r. to the hyperbolic metric (we adopt the notational convention that 
u{x) := Gc{x,y) satisfies Cu = —5 X in the weak sense [33j w.r. to the hyperbolic volume). 
Notice that Gc(x,y) = 5(y) N ~ 2 g(x,y) if g is Green's function of L\ — V\ in Bn (w.r. to the 
usual metric). 

Supppose that u\ is positive C harmonic (i.e. L\—V\ harmonic) in Bn and that u\ vanishes on 
8Bn n {x G dB]\[ ; xn < f}- Then u\ can be represented as a Green potential in Bn (~l {x ; xn < 
^} : U\{y) = f Gc{y,z) du(z) where v is a nonnegative Borel measure on {z G 5jv ; z^ = ^} 
and yjv < o" ^° u P on integrating (IA.5 I) we get (with another constant c) 

crV(y) < Ul (0)g(y,0) < cux(y) (A.6) 

for y G -B^. Thus if u is a positive Ly solution in U that vanishes in d#U it follows -on using 
the change of variable y = F(x)— that 

c' 1 u(x) < u(A') G(x, A') < cu(x) (A.7) 
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for x G t7(o)j where G is Green's function w.r. to Ly in U . Using Harnack inequalities for Ly, 
the lemma easily follows. □ 

Remark. Using Lemma lA.21 well known arguments (see |2j) show that for every bounded Lips- 
chitz domain Q in R^ and every V G V(£l, a), a > 0, the following potential theoretic properties 
hold in Q equipped with Ly := A — V (we let Gl to denote the Ly Green's function in S7 
with pole at y) : (a) For each P G dQ, the limit Kp(x) = lim^p Gy (x) / Gy (xo) , x G $7, 

exists and -KTp is a positive L^-harmonic function Kp in il which depends continuously on P 
and vanishes continuously in dVt \ {P}, (b) For each P G <9f2, every positive Ly-solution in 
Q that vanishes on d£l \ {P} is proportional to Kp, (c) Every positive Ly-solution u in il 
can be written in a unique way as u{x) = f gn Kp(x) dp(P), x G il, for some positive (finite) 
measure p in dVl. See [lj. 

A. 3 Proof of Theorem IA.1I 

Again Q, is a bounded Lipschitz domain in R and V G V(Q,a), a > 0. 

For the proof we use a simple variant of the comparison principle given in Lemma IA.21 
Notations are as before, in particular U = Uf(r,p) is the domain considered in A2 and A = 
Atf = (0,...,0,§). Let.4' = (0,...,0,f). 

Lemma A. 3 Let u be positive harmonic (w.r. to A) in U , let v be positive A — V -harmonic in 
U and assume that u = v = in d#U . Then 

v(x) u(x) , m/ l s , . s 

^^ " ,ei7nT ij) (A - 8) 

/or some positive constant c depending only on p/r, the constant a and N . 

Proof. We have seen that v(x) < cv(A')G v A ,{x) in U n r(|) and we know that G V A < G° A in 
U if GX, is (A — U)-Green's function in U with pole at A'. By maximum principle, Harnack 
inequalities and the known behavior of G° A , in B(A', ?) (more precisely G^(x) < ci := ci(r,N) 
in <9i?(^4', |)) we have that u(x) > c% v(A) G A , (x) in U\B(A', |). So that -using Harnack 
inequalities in -8(^4', |) for u and i>- the lemma follows. □ 

Remark. The opposite estimate, i.e. ^7^4 < C ^X (with another constant C > 0), cannot be 
expected to hold in general as shown by simple (and obvious) examples. 

Denote g x the Green's function with respect to A — V in Q, and with pole at xq- For y G dQ, 
a pseudo-normal for $7 at y is a unit vector v G R such that that for some small r\ > 0, the set 
C(y, v y ,r\) := {y + t{u y + v) ; < t < r\, \\v\\ < r\ } is contained in U. 

Proposition A. 4 Given y G d£l and a pseudo-normal v y at y for U, the following assertions 
are equivalent: 

(i) RV = (i.e. yeSing V (n)) 

(ii) limsuptio K y{y + tv y)l K y{v + iv y) = +°o 
(Hi) lim^o K%(y + tv y )/K y {y + tu y ) = +oo 
(iv) lim x ^ y g^ o (x)/g° Xo (x) = 0. 
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Proof, (a) We first recall a standard consequence of Lemma IA.2I that relates g£ and KY near 
y (for any y G d£l). 

Consider u = KY and v := gY tu ■ Using Lemma IA.2I and the fact that v ~ t 2 ~ N in 
dB(y+tu y , ^t), < t < rj, we see that u(x) ~ u(y+tv y ) t N ~ 2 gY +tv (x) for x G Sl\B(y+tv y , trj/2) 
(here ~ means "is in between two constant times " with constants depending only on y, Q, v y 
and a). 

Taking in particular x = xq we obtain that KY (y + tv y ) ~ \/(t N ~ 2 g v (y + tis y ;xo)). In 
particular considering the special case V = 0, we get also that ify(y + tv y ) ~ l/(t N ~ 2 g(y + 
t^;x )). 

(b) Using the above we see that (ii) is equivalent to (iv)': liminf t ^o 9x (y + tv y ) / g® Q {y + tv y ) = 
0. 

(c) Now to show that (iv) and (iv)' are equivalent we may assume that y = 0, v y = 
(0, ...,0, 1) and (with the notations above in A. 2) that T(\) n il = U, U = Ut(r,p) and 
x G Q \ U. 

Applying Lemma [A.3I to U, u = gY Q ,v = g XQ , and Ut = U%. for a sequence tj, tj 1 such that 

u(A tj ) = o(v(A tj )), A tj = (0,...,0,tj), we get that u(x) < c^^v(x) in OnT^-f). Hence 

(iv)' imply (iv). And -using (a) again- conditions (ii), (iii) and (iv) are equivalent. 

(d) Similarly if on the contrary g v (Aj,xo) > cg(Aj,xo), for some sequence Aj = tjU, tj 1 
and a positive real c, we have (since a priori g < g) that : 

KY(x) ■.= g v (A j ,x)/g v (A j ,x )<c- 1 K A .(x) = c- 1 g(A j ,x)/g(A j ,x ) (A.9) 



and letting j —> cxo we get KY < c 1 K y . Thus, (i) 



iv 



Since obviously (ii) => (i), Proposition IA.4I is proved. D 

The next lemma is the key for the proof of Theorem IA.1I Returning again to the canonical 
Lipschitz domain U = U f (r, p), let V G V a (U) and for 9 G (0, ^), let U e := {x G U ; d(x, 9^7) > 

0r }' J (7 : = Iu e V ( x ) \Su(x)\ N ^- 

Obviously ^J^ J u$ V(x) dx < ifj < (gr , ) 1 A ,_ i f u6 V(x) dx. 

Lemma A. 5 Let u, u be two nonnegative continuous functions in U that are respectively A- 
harmonic and Ly-harmonic in U . Assume that u < u in dU and u = u = in d#U . Then for 
some constant c = c(-, o, 9, N) > 0, 

(l + cl e )u(x) <u(x) for xeUHT(-) (A.10) 

Proof. Since the assumptions and the conclusion are invariant under dilations we may assume 
that r is fixed as well as p. Replacing u by the harmonic function in U with same boundary 
values as u we may also assume that u = u in dU. Since A(u — u) = —Vu and u — u vanishes 
on dU, we see that u — u = Gjj(Vu) where Gjj is the usual Green's function in U. 

By Harnack property and since Gu(x,y) > c = c(6,a,N) > for x G B\ = B(A%, jjjq), 

_ \ QnrI lid J T® \-kra riQ'jro 



A\ = (0, . . . , 0, ^r), and y G U y , we have 



u(x) — u(x) > cIqu(Ai), x G B\. 
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Thus in U, w(x) := u(x) — u(x) > c Ig u{Ai)R 1 1 {x) where R l 1 is the (classical) capacitary 
potential ([H]) of B\ in U and using the comparison principle Lemma 1 for V = we have 
w>cl e u{A x ) ^ in U{\) := T(\) n U. 

Using then Lemma IA.2I (and Harnack inequalities) 

w(x) > c"I e u(A{) ^- = c'"I 9 u(x), x e U{\) 
u{A\) 2 

Thus, u(x) > (1 + d" I e ) u(x) in 17(1). □ 



Proof of Theorem lA.li We may assume that y = 0, that for some r, p, f, Q, n T(l) = U := 
Uf(r,p) (with the notation fixed above in section A2) and that xq ^ U. 

Set T n = T(2~ n ), C™ := C e , y n{T n \T n+l ) for n > 1, u = G° XQ , u = G^ (where G^ is Green's 
function with pole at xn with respect to A - 7 in 0). One may also observe that e may be 
assumed so small that Sq contains the truncated cone C := {(x 1 ,xjv) ; £jv < ^, |a/| < ^ x^ }• 

For each n > there is a greatest a n > such that u > a n u in U n (we know that a n < 1). 
By the key Lemma IA.5I (and elementary geometric considerations) 

a n +i > a n (1 + c7 n+ i) if 7 m := / <£c (A.ll) 

for some constant c = c(e, £ a, iV) independent of n. Thus 

ra—l n— 1 » 

>a n( 1 + c/ fc)>«o(l + c^/ fc ) >ca / 

I 1 7 1 J Cl 



V(x) 
a n > a n I I (1 + eh.) > an (1 + c > h) > can / „ ; ; t, „ dx 



fc=l fe=i 



/c A c„ +1 fo^" 2 



which shows that lima n = +oo. Thus Gjf Q = o{G XQ ) at y and by Proposition IA.4I the point y 
belongs to Singy{VL). D 
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